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SUMMARY

A general theory of the electroosmosis phenomenon in clectrophoretic experi-
ments is developed from a set of fundamental viscous fluid dynamic equations of
composite fluid systems. A simple physical model is chosen for an analytic study of
the detailed qualitative behavior. Neglecting all effects due to the intrinsic electric
characteristics of the neutral solvent molecules, expressions for the important experi-
mentally measurable quantities, such as electroosmotic velocity, electroosmotic pres-
sure and electroosmotic mobility, are derived in different physical situations. Applica-
tion to the real electrophoresis system is discussed.

INTRODUCTION

The so-called electroosmosis effect'~* is frequently observed in electro-
phoresis experiments. Not only the charged mobile ions but also the neutral solvent
fluid moves when an electric field is applied along the tube containing the fluid whose
components are to be separated. In the case of a long tube with open ends, the fluid
will move in one direction'. The fluid circulates in a tube with closed ends? (Fig. 1).
This electroosmosis -effect is due to the existance of charge on the tube wall, which
apparently induces a double layer in its neighbourhood. When an electric field is applied
tangential to the wallsurface, there is a net tangential electric force acting on the charged
fluid in the double layer and this force causes the fluid to move. In a system with open
ends, the whole fluid will be moved by these tangential forces acting in the double
layer owing to the existence of shearing stress of the fluid. In a tube with closed ends,
the net flow of the liquid must be zero. The flow of the liquid along the wallin the dou-
ble layer is counterbalanced by a flow in the opposite direction at the center of the
tube. Therefore, there must be a pressure difference between the tube ends to generate
this counter flow?-3, Assuming a flow of Poiseuille’s type, the velocity profile has been
calculated? and the pressure difference has also been calculated by assuming known
electrophoretic relations!-3,

In this paper, we shall present a basic, detailed theory of electroosmosis. The
mobile ion cloud formed from a given type of ion is considered as a component of
the fluid system. Then the electrophoretic system is a system of composite fluid —the
neutral solvent fluid and different ionic charged fluids. These different fluids are de-
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Fig. 1. The electroosmosis cffect. (a) Tube with open ends. (b) Tube with closed ends.

scribed by a set of fluid dynamic equations coupled by the molecular interactions.
The set of equations is derived microscopically in the Appendix. Starting from these
fundamental equations, we shall study most of the characteristics of electroosmosis
in a simple model system. Both open- and closed-end systems will be discussed. The
important relation between the double-layer screening length (4,7!) and the velocity
profiles of diflerent component fluids, the expressions of electroosmotic velocity and
the electroosmotic pressure will be derived. We shall show that the Poiseuille type of
electroosmotic flow?? is a good approximation to the observations in the real
electrophoresis experiments.

In the next section, we shall propose a simple model and derive the set of fun-
damental fluid dynamic equations. Part of these equations is solved in Section 11I to
obtain the charge distribution (double-layer structure). In Section 1V, the fluid dynamic
equations are solved by neglecting the shearing stresses of the ionic fluids. The
velocity profiles are calculated and the qualitative behavior is shown. The physical

situation in a real electrophoresis experiment will be discussed and some conclusions
will be given in the final section.

SIMPLE MODEL AND FUNDAMENTAL FORMALISM

We consider a solution system with ions A+, B~ and solvent molecules C° in
an electric field E. There are three kinds of fluids, which are described by the density

function na(;:r) and fluid velocity Fa(;j:r) (¢« = +,—,0) for A+, B~ and C° respectively.
They satisfy (see Appendix) the equation of continuity

%na Ft) + <7 [ (Fat) Va (F1)] = O )
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and the equation of motion

a -, e - - -y - -
Ny Ny [ 57 —+ va-v] va(ryd) = ga na E —ﬂ)_a Eupna ng (Yu — vg) —
*

—_ vpa -1 Na vz —‘Ta + (va + "&"la) \V2 (Vra) (2)

where the terms at the rlght-hdnd side are the force densities on the fluid of type 7

due to different sources: galia E is the electric force density, —&ug nang (‘a — ‘ﬁ) the
frictional force due to fluid of type f and the latter three terms are the self-stress
forces.

For a simple demonstration of the electroosmosis effect, we consider a cell

system bounded by two planes at y = -+ L. The external electric field Ec,., = [E, 0, 0]
is applied in the x-direction. We assume that the length /lx and width 1z of the cell
are so large that we can neglect edge effects, i.e. we only consider the fluid behavior
far from the two edges. In the steady state, the velocities are in the x-direction and
havé spatial y-variation only,

Va = [va (¥), 0, 0] (¢ =+, —, 0) A3)

Then we have

and

and the equation of motion (eqn. 2) has the equilibrium form
o Na E - ﬁz Eaﬁ Na N (‘—'.rx - ‘_'.ﬁ) — vpa + Na vz “_'.a =0 (4)
E'Y/]

If an electroosmosis effect exists, it is assumed that there exist charges on the
walls of the system. Owing to the electric attraction and repulsion between ions A*,
B~ and the wall, the ions are re-distributed in the neighbourhood of the wall and form
a double layer there. In our model, the equilibrium densities have the form

ny = ng(y) (5)
and if we neglect the electric interactions between charged walls and the neutral
solvent molecules (for instance, the electric dlpole—quadrupole interactions, etc.), we

have

ne = constant 6)
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and the electric charge has the spatial distribution
0.(y) = e[n.(y) — n_(], @)
where we have assumed that the ions A*, B~ have the charges +e¢ and —e, respective-

ly. At the center of the tube, the system is neutral, i.e. the positive and negative charge
densities are equal,

n,(0) ~ n_(0) ~ n, = constant (8)
or
0.(0) =~ 0 9

Because of the non-vanishing charge inside the double layer, there exists a
screening potential ¢(y) there with the boundary values

(L) == ¢, (10)

at the wall surface. | ¢, | is called the zeta potential of the wall. ¢, is positive (or

negative) if the charge on the wall is positive (or negative). Then the total electric
field inside the tube is

E=[E, —¢'(), 0] (1)
The screening potential ¢()’) and screening charge ¢, are related by Poisson’s equation
Py = —4rov)/e (12)

where ¢ is the dielectric constant of the solvent fluid.
In practice, the ion densities are small compared with the solvent density

ny < ny - (13)
Then we consider the following two approximations:

(i) Theion-ion friction force is small and can be neglected in comparison with
the ion—solvent friction force

Ep_nan_ &g nang ©o(14)

(ii) The ionic fluid can be considered as a dilute gas and satisfies the equation
of state

Pa = nu(y) kT (15)
In the isothermal case, /.e. T is constant, we have

7 Pa = kT [0, n°q (3), 0] (16)
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Substituting eqns. 3, 5, 6, 11, 14 and 16 into eqn. 4, we have the x-component equa-
tions

{HeE —&ing[ve () —voWIFne ) + 2 v () =0 a7n

Eeni vy O) — v+ E-n Do () — vo (D]} 10 4 Mo o () — P =0 (18)

and the y-component equations

Fep Mne (¥) —kgTny(y) =0 (19)
aP,
— = 0 (20)
where
9Py
Py = ox 2h

is the solvent partial pressure gradient along the tube. We have chosen the simpler
notation &, for &.,. The total pressure is the sum of three partial pressures

P=P, 4 P_ 4+ P, (22)
According to eqns. 15 and 22

_ ory, orP
Py = ox  Ox (23

Because the total pressure gradient dP/dx is controlled by external sources (atmo-

spheric pressure, end walls, etc.), P, is uniform across the tube cross section and thus

is a constant. Eqns. 17-19 are the fundamental equations of electroosmosis effect.
For mathematical convenience, we define the composite-fluid velocity

AU

V(y) = vo(¥ v_(y) (24)

o

and the component relative ion-fluid velocity
Je(¥) = v () — vo(¥) (25)

Then the fundamental equations of motion (eqns. 17 and 18) can be transformed to
the equations of motion for V and /. :

V) = —nlo— (Py — EouE)} (26)

&

S0 = o {Eans (— + —) Jo) + LB 0| F B 27

N

N
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1t is understood from eqn. 26 that the total electric force acting on the composite fluid
is Ep.(y), which is identical to that on the whole system.

IONIC CHARGE DISTRIBUTION

In the dilute iohic-gas model, the ionic densities #.()) can be solved from
eqn. 19,

— e R
ny(y) = n, e+ kpT 7(>) (28)

Substituting eqn. 28 into eqn. 7, we obtain the electric charge density

eq()) .
k 5 T \-9)

0.(1) = 2n.esinh
For a demonstration of the electroosmosis effect without complicated mathematics,
we consider the special case of the high-temperature limit,

1 ep(y) elqy |
H < -
T | S TR € (30)

Then we have the approximate forms

- e . '
ne(y) =~ n, [l F —/-(:777)(})] (28')

and
2n.e? ' ,
0d(¥) ~ i g (v) (297)

Using the approximate form (eqn. 29’), Poisson’s equation (12) can be easily solved
with the boundary condition (10),

cosh Ay

p(y) =~ @ Cosh AL ’ an
where
8an et
A = e kgT (32)

A~ is the Debye screening length of the charged fluid. Substitutingeqn. 31 into eqn.
29’, we obtain the induced charge density

cosh A.v ve
0:.(») =~ o, <osh AL (29)
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Fig. 2. (a) The ionic distributions. (b) The electrostatic screening potential and the screening charge
distribution.

where

2 n.e}l—q,
T keT (33)

QL=

is the induced charge density at the wall. Note that the induced charge has opposite
sign to the wall potential ¢, i.e. the wall charge will attract charges of opposite sign.
The physical situation and the charge distribution o,, electric potential ¢(y) and ionic
distribution #.(y) are shown in Fig. 2, In Fig. 2, we have assumed that the wall
charges are negative, such that ¢, << 0. The induced charges are positive.

ELECTROOSMOSIS EFFECT IN THE ABSENCE OF IONIC SHEARING STRESS
In practice, because the ionic density is small in comparison with the solvent

density, n,. < ny. Then the shearing stress constant of the ionic fluid is much smaller
than that of the solvent

Ny Ko 34)
(We shall justify this relation in a practical example later.) In the lowest approxima-

tion, we may neglect the ionic shearing stress term 7, v} (») in eqn. |7 and then we
have the approximate equations

{deE — & nplvi(y) — vo(W]} ne(y) =0 ) a7)
and
Eanivi(y) — voO)] + E-n_[v_(3) — vo(W)]}110 + Novg(y) — P =0 (18)

Then ve(y) satisfies the equation

e () = % (P, — Egd)} 35)
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Note that eqn. 35 is the lowest-order approximation of eqn. 26 for the composite
fluid. From eqn. 24, V(3) &~ vo(y) in case the relation (34) is satisfied. Now, eqns.
17" and 35 can be easily solved, we obtain the solutions

ol V) = __l__ f_\‘ 2 oLE cosh 4.y
vo( V) == Mo (2 3 722 cosh }»SL) + C (36)
and
vi()) = vo()) 4 e (o) &7)
where
o) __ e .

are the clectric mobilities of the two ions A* and B~, respectively. The two constants
P.and C are to be determined from suitable boundary conditions on v,. We shall dis-
cuss several special cases (with different boundary conditions) as follows.

Electroosmosis in an open-ends tube with rough wall

Because the two ends are open, the pressures at the two ends are equal to the
external atmospheric pressure. We assume that the tube is horizontal and the
gravitational force can be neglected. Then there is no pressure difference along the
tube, i.e. the pressure gradient P, vanishes,

P, =0 (39)
From the rough-wall boundary condition
vo(£L) =0 (40)

the constant C is determined and we obtain the solutions

| QLE( . coshl,-_l’) 1)

ro(y) = Mo Al cosh AL
The neutral solvent is moving inside the tube with velocity vy(») in the presence of an
applied electric field (£ # 0) and owing to the existence of the wall charges (g, ## 0,
and thus o, 7 0). This is the so-called electroosmosis effect (Fig. 1a). Because of the
solvent motion, the ions are moving with the apparent velocities

ve() = £uL E + vo(») 37
which are different from the values -u3,E in the absence of electroosmosis effect.

The behaviors for different values of A.L are shown in Fig. 3. Because v¢(») is propor-
tional to E, we can define the apparent ionic electric mobilities by

ve (1)
E

ne(V) = =+ 42)
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AsL=10 NeL22,5, 10, 100,0
1-5{voty)/ vos

Vo(y)/ Vos
P

T \Voly)/ Vos

-05

Fig. 3. Electroosmosis effect in an open-end tube with rough wall. (a) The velocity profiles of com-
ponent fluids. Positive, negative ion flows and the neutral solvent flow. The screening parameter

L = 10 is chosen. (b) The velocity profiles of neutral solvent fluid for different values of the
screening parameter AL = 2, 5, 10, 100 and oo,

and we obtain the expression

pe(y) = ud +

(] cosh A,y ) (43)

7o 2. 2 " cosh AL

In a practical situation, L ~ 1¢cm, 4, ~ 10*®cm™! (see eqn. 65 of Section V), then
AL =~ 10° > |

Except very close to the tube wall, the solvent will move at a constant velocity v, i.e.

Vo)) = Ton, = —— 2LE (L — 1> A" (44)
7 70 As

vos, is called the electroosmotic velocity’-2. For mathematical convenience, we may
define the electroosmotic mobility,

Vos. 05

Mo, = = _—ie 45)
and from eqns. 32 and 33, it has the form
8 —
o, = LD (46)

This is the well-known Helmholz—Smoluchowski result‘ 4, Then the apparent ionic
mobilities will be

fae = pL o= pos. (47)
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Electroosmosis in a closed-end tube

In a closed-end tube (we also assume that the tube is very long, then we can
neglect the end effect when we are considering the fluid far from the ends), the solvent
fluid pulled by the electric field £ near the wall cannot keep its forward motion every-
where across the tube cross section. The fluid will be pushed back by the end walls
and a counter flow is formed at the center (Fig. 1b). Owing to the mass conservation
of solvent at any tube cross section, instead of eqn. 39, we have the boundary condi-

L

tion
f d)) ‘vo())) = 0 (48)
- L

Another boundary condition is due to the tube-wall condition. For mathematical
convenience we shall consider two limiting cases: rough wall and smooth wall.
The rough-wall cell. The rough-wall condition is

ro(=£L) = O (49)
Then we may calculate the pressure gradient

p, = 2k (l __ tanh /LL)

= GL? L (50)

and another constant C in eqn. 36 to obtain the solution

) = 2E ) ) s~ TEe (- 0F o

The characteristic behaviors are shown in Fig. 4. In most practical situations,

2L > 1. At where not very close to the tube wall, the solvent will move with a
parabolic velocity profile?:

v 2
() = 5= (3(5) —1) (AL > 1) (52)
where
. oLE
Vor, = b (53)

is called the electroosmotic velocity?, and the constant pressure gradient Py is given by

== %— AL >1) (54)

P,
Then P, and v;s, ‘are related by Poiseuille’s law?

3 Tos. : .
P, = I (55)
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Fig. 4. Electroosmosis effect in a closed-end tube with rough wall. (a) The velocity profiles of com-
ponent fluids, The ionic mobilities #% are chosen the same as in Fig. 3a, A,L = 10. (b) The velocity
profiles of necutral solvent fluid for AL = 2, 5, 10, 20 and co,

and the velocity profile can be re-written in the Poisseuille form?

and

P
"O(.v) = Vas, -+ "27;0_(.1"2 - LZ)

(56)

The smooth-wall cell. If the wall surface is smooth, the stress of solvent at the
wall will vanish, and we have

vo (£L) =0 (57)
Together with the boundary condition (48), we obtain the results:
_ oLE ”
P, = AL tanh AL (58)
oE [ AL [3(%)2_1] tanh AL cosh A,y
, — L S ) ) S . ]
o) =~ 72 {75 tanh AL 3 L cosh ASL} 9

The characteristic behavior of vy(») for different values of A,L is shown in Fig. 5. In
practical cases, A.L > 1. At where not very near the tube walls,

VOS-
vo(y) ~ g

g -1

AL >

(60)
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AgL=10 rgl=2,5,10,©
Vo(y)/Vos

V+(y)/Vos
vo(y)/Vos
V-({y)/Vos

t-10 10

(@) (b)

Fig. 5. Electroosmosis effect in a closed-end tube with smooth wall. (a) The velocity profiles of com-
ponent fluids. The ionic mobilities /¢{’ are chosen the same as in Figs. 3a and 4a, 4,L = 10. (b) The
velocity profiles of neutral solvent fluid for AL = 2, 5, 10 and oo,

has the same form as the rough-wall case (eqn. 52). But the electroosmotic pressure

P, = —3/%5 L > 1) 61)

and electroosmotic velocity

E AL
Vor = iy 3 (62)

are different from the values of rough-wall cases, eqns. 55 and 53, respectively. Since
the electroosmotic velocity v, is experimentally measurable, it is possible to deter-
mine the wall boundary condition (rough or smooth) from the experimental data.
The bigger values of v, and P, in the smooth-wall case are physically expected be-
cause in the rough-wall case there exists the additional frictional force between wall
and the fluid, which can slow down the fluid motion and reduce the electroosmotic

velocity. The reversed pressure force (P,) to cause the counter-flow will be pro-"
portionally smaller.

DISCUSSION AND CONCLUSION

In a typical electrophoresis system, the orders of magnitude of different
quantities are listed below:

Mass of ion or solvent molecule

my, mg~ 10" g
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Solvent molecular density
no &~ 102 ¢cm~3
Ionic densities
ny ~n,~ 10" cm=3
Ionic charge
e~ 4.8 107" e.s.u.
Ionic mobilities

® ~ 10-4cm?-sec™!'"V-! &~ 10~2 cm3'sec™!-e.s.u.”!
H“i

Room temperature

T ~ 300 °K

Solvent shearing viscosity
7o ~ 10~'P

Solvent dielectric constant
g~ 102

Tube cross-sectional radius
L~1lcm

Applied electric field

E =~ 10* V/cm

Then from eqn. 38, the ion-solvent frictional constant is

e

T

~ 10~ c.g.s. unit (63)

From eqn. A18 of Appendix and the kinetic theory5, the ionic shearing viscosity can
be calculated and has the order of magnitude

- nekgTmy

~ 10-10
Ny ~ nofi ~ 10 P
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Then we have

’Z;: ~ 10-° (64)

and the relation (34) is justified. It is a good approximation to neglect the ionic
shearing stress in the calculation.
From eqn. A18 of Appendix,

Eio ~ &, _

if the sizes of the ions and solvent molecules are of the same order. Then the magni-
tude of the frictional force between ions will be small compared with that between
ions and solvent molecules,

(Epnn_(vy —v.) - -

e <1
Erotang(vye — vo) No

because the relative velocities vq — vg are of the same order. Then itis also a good ap-
proximation to neglect the ion-ion frictional force in the calculation.
The ionic screening constant 4, can be estimated from eqn. 32, we have
Ay ~ 10°cm~! - (65)
AL ~ 10° (66)

then eqns. 44-47, 52-56 and 60-62 are excellent approximations, i.e.
Open-end cell with rough wall:

1 0. E  el—p.])

\vo(y) R Vog, = -'7—0 Zsz = 47';')70 (67)
P.=0 (68)
Closed-end cell:
Vo) & Ver, + o2 (F — LY 69)
Mo
where
ho = 8[4;(;9,‘] E ;L rough tube wall (70)
"o :,’ smooth tube wall
and '
X T (LL)Z (71)

P — 30.E (1 rough tube wall
{ AL

—_— smooth tube wall
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Then the apparent ionic mobility has the form

2
pe(y) = p + M—;- [3 (%—) — l] (72)
where
_ el—pL] (1 rough tube wall (73)
Hos. 47zn, AL
—3 smooth tube wall

The quantity ., can be determined by measuring u.(y) experimentally (eqn. 72).
Then we can determine the zeta potential | ¢, | from eqn. 73. For example, from the
result in Abramson’s experiment?-S,

Hos, = 1.8-107¢cm?-sec™!- V1L,

We may determine the order of magnitude of | ¢, |, P, and e | ¢, |/kxyT and the
values obtained are listed in Table 1.

TABLE I
VALUES OF | ¢y, P AND "..l'..'.”;..‘.- FOR ROUGH-WALL AND SMOOTH-WALL CELLS

‘n

Rough wall ) M—.S;rAnoarlr wall i

Zeta potential of tube wall 10-2 104
| [ (V)
Pressure gradient
P, (dyne-cm3) 10-2 10-2
('_’._IE.’:_I - 6
FenT <51 10

We find from Table I that the wall zeta potential value | ¢, | is too big for
the case of the smooth wall. The value for the rough wall is reasonable. Then we con-
clude that the rough-tube-wall boundary condition is close to the practical situation.

At room temperature, we find that the parameter e | ¢, |/ksyT is not much
smaller than unity; especially in the smooth-wall case, it is a big number. This means
that the linear approximations (eqns. 28’, 29°) in our calculations are not satisfactory
for a real fitting, especially in case of smooth wall, where e | ¢, i/kg7T > 1 and thus
there is great amount of screening charge in the neighbourhood of the wall (eqn. 29).
Then the exact numerical calculation in a computer is necessary. However, considering
only the high-temperature limit, we have clearly seen the physical mechanism and
characteristic behavior of the electroosmosis effect in this paper.

In this paper, because we neglect the ionic-fluid shearing stress in the calcula-
tion, the ionic flow velocity will always have the form

()

ve(¥) = vo(y) - uy E €X))
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There is no special boundary condition necessary for the calculation of v.(y). For
example, in the closed-end tube case, v.()) never satisfied the mass-conservation
boundary condition, i.e.,

L
f dyve(y) # 0
Furthermore, in the rough-wall case,
ve(£Ll) 5 0.

Then it is obvious that the solutions obtained here by neglecting the ionic shearing
stress are not exact. It is only expected to be approximate. But how good is it? Under
what conditions is this approximation valid? This is an interesting problem currently
under investigation and results will be published’.

We have seen in this paper that the electroosmosis effect is essentially due to
the existence of charges on the cell walls {[then ¢, % 0]. It has been shown
experimentally that the electroosmosis effect exists in a system with solvent fluid made
of polar molecules (like water)®? Then the charges on the walls are physically ex-
pected to be the induced charges due to the permanent electric dipoles of the solvent
molecules near the walls, Furthermore, the electrostatic screening effect of the electric
dipole and quadrupole moments of the solvent molecules will also contribute to the
electroosmosis effect. This has been neglected here. Then the electric characteristics
of the solvent molecules play very important roles for the electroosmosis effect. These
are very interesting for further investigations.

In this paper, we have re-derived the very important and useful fluid dynamic
eqn. 2 of multiple component system. It provides the fundamental fluid dynamic
equation for electrophoresis with an electroosmosis effect. For mathematical
simplicity, we have considered a cell bounded by two planes at y = 4-L and made
calculations only at the high-temperature limit. The characteristic behavior of
electroosmosis have been studied and discussed in detail. For a real system in a cir-
cular tube, cylindrical coordinates must be used. However, qualitative changes are
not expected.

APPENDIX
Simple derivation of the modified Navier-Stokes equation for multiple component viscous

Suid _
We consider a fluid system with several types of molecules. The molecules of

the same type a (@ = 1, 2, ..., r) have the same mass m, and charge gq and form a
component fluid system with density
— Na - -ca
naGir) = 208l — 71O (AD
J=1

and current density

TGy =< Z z 57 — F ‘a’(t)] (’) \ (A2)
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where Ng is the total number of molecules of type a. ;J‘a’(t) [1;;‘“’(1)] is the position

[momentum] of the jth molecule of type a at time r. { > is the equilibrium ensemble
average.

Following the same derivation as in ref. 10, we can obtain the particle conserva-
tion equation

-—aa-t—na (7o) + 7 Ja (1) = 0O (A3)

and the momentum conservation equation
a — - - - - — .
Mata [a_z + va-v] Va(rt) = F3(F1) + 7 - Ta(F,1) (Ad)
for each component with molecules of type a, where </ is the gradient operator, and

Va(rit) = Ja(Fat)/na(Ft) - (ASy

is the fluid velocity of component a.

- = Na - -(a a
Fan = 200l = F oV E w > (A6)

is the bulk force density and

Tatiir) = —mal £ 87 — 7o) (EL L2 ”Ja)(’ ) _ )220 a) > (A7)

Maq

the stress force tensor on the component fluid of type a. F;f@(¢) is the total force acting

on the jth molecule of type a at time ¢, and can be written as a sum of forces due to
different sources:

O = wEFC 0.0 — FOO+ F (A9)
where E‘[-t:,‘a’(t), t]is theelectricfield atthelocation of the molecule, F_'.J"’“'(t) is the force

due to non-electric external source. fr_,‘a’(t) is the frictional force due to the fluid (of
all types) surrounding the jth molecule of type a. It can be written as'%!!

F&P@ = —2 Sap {rf 2(8) — va [ ¥(0), r]} (A9)

where r_;‘"’(r) — ;p[;;‘a’(t), t] is the relative velocity of the molecule of type a with
respect to its surrounding fluid of type . {4 is the frictional constant between a
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molecule of type a and the fluid of type B. Substituting eqns. A8 and A9 into eqn.
A6, following the same calculations as in ref. 10, we obtain the bulk force density

FB(1) = gana(rt) E(rt) -z CapPa(Pt)[Va(rt) — va(r)] + FE(n1)  (A10)
*a

where ;‘B""(;‘:l) is the bulk force density due to non-electric external source.
It is obvious from eqn. A10 that the term

Eap na(Ft) [Va(ryt) — va(r,1)] (AlD)

- is the frictional force density acting on fluid of type a due to the fluid of type f.
Conversely,

Eoa na(rat) [Va(rst) — Va(r,1)] (A12)
is the frictional force density acting on fluid of type 8 due to the fluid of type a. By

Newton’s third law, we know that the two forces in eqns. A1l and A12 are action
and reaction with each other, we have

Cap na(Va — vg) = —Cpa ng(va — va)

Then we have

Cap = Eap np (Al13a)
and '

Cpa = &pa Na (A13b)
with

Eap = &pa (Al4)

is a constant characteristic of the molecular collisions between the two types of
molecules a and §.

Substituting eqns. Al13a and Al3b into eqn. A10, the bulk force density
can be written as

FP(r1) = qata(r,1) E(Fy1) — = Eagna(rt) e ) alrt) — Ta(rn)] + FE-(r.1)
>a
(A15)

—
The stress tensor 7 is also due to the molecules collisions. It can be written in a
standard form?!.12 :

Tu(Fit) = —Pal + oa(rit) (A16)
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where Pq is the partial pressure, ;,; the stress tensor of the component fluid of type «,
and

Na

YV 'Ou = g vz?a -+ ('Va -+ ) V(v—‘:u) (Al7)
7Na and vq are the viscosity coefficients of component fluid «.

In case of mixture of dilute gases, the frictional coefficients in egns. Al3a and
A13b can be calculated from Boltzmann's kinetic theory!?-!3, By assuming hard sphere
collision with total cross section oqg between molecules of types « and f, the constant
&ap can be calcultaed and has the form!?

" oup l/Zn koT _Mama_ (A18)

Sap = M4 + mg

where T is the absolute temperature and k, the Boltzmann constant.
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